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Summary

An analysis is presented for determining the general instability
load of reinforced conical and cylindrical shells. The types of
loading considered in the investigation include combined axial
load and rotationally symmetric pressure distributions which
vary along the generator of the cone. The method of solition is
based on an application of the principle of minimum potential
energy of an equivalent orthotropic shell. General results are
reduced to a relatively simple formula and are compared with
other investigations and experimental values.

Symbols

= base radius of shell, in

area of circumferential frame including effec-
tive sheet, in?

A, = area of longitudinal stiffener including effec-

tive sheet, in?

;8
o
It

b = stiffener spacing, in

d = frame spacing, in

Eg, Ey = moduli of elasticity for orthotropic shell, psi
Gto = shear modulus of orthotropic shell, psi

h = thickness of shell, in

hy = distributed area of frame, 4,;/d, in

I = distributed area of stiffener, 4,/b, in

h = effective shear thickness of shell wall, in

H = [12(2f; — »?)/NE2h2 /(8titsta( I /1))

7 = 12(1 — »?)/Na?h?

I; = distributed bending moment of inertia of
frame, I;/d, in3

I, = distributed bending moment of inertia of stif-
fener, /b, in3

I; = bending moment of inertia of frame including
effective sheet, in*

I, = bending moment of inertia of stiffener includ-
ing effective sheet, in*

J = (Jf + J s)/ 2

Jr = distributed torsional moment of inertia of
frame, J;/d, in3

Js = distributed torsional moment of inertia of stif-
fener, J./b, in3

Js = torsional moment of inertia of frame, in*

Ts = torsional moment of inertia of stiffener, in*

k = (1l — B/2)/sin «
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K = Mk

K = —[2a(1 — B/2)/L sin? «] fo H(Ne/p) X
cos? NedE .

K, = — a1 - /2)/11 [ (o/Psint ne/rra

L = slant length of shell, in

m, n = axial and circumferential wave numbers

N¢, Ny, Ngy = axial, circumferential, and shear stress result-
ants per unit length, lb/in

P = reference pressure for a particular loading con-
dition, psi

Dery Dor = critical pressures for conical and cylindrical
shells, psi

P = [paKo 12(1 — »2)]/[2ENHYAERN (I /1]

b = [peKy 12(1 — »2)] /\2HVAER?

v = all — B(¢/L)]

S/2 = Ki/k*K.H*

S/2 = (Ki/a?K, — 1)/HV*

u, v, W = axial, circumferential and radial displacements
of shell middle-surface

@ = base angle of shell

& = pressure variation parameter defined in Ref. 9

g = (L/a) cos a

v = ratio of axial to lateral pressure

= mnx/L

vig, vor = Poisson’s ratio for orthotropic shell

£ 0, = axial, circumferential, and radial coordinates

¢ = n2/HWK?sin?

@ = [L 4 (n2/\%?)]/H*

[y = cot? a/K

(1) Introduction

THIS PAPER is concerned with the linear problem of
buckling of reinforced cylindrical and conical shells
subjected to axisymmetric loading conditions. The
major purpose of the investigation is to develop criteria
for the elastic stability of such shell structures and to
compare the general results with preliminary experi-
ments.

Although several andlytical studies have already
been performed by other investigators, the results for
the most part are either limited as to the type of load-
ing and geometry considered, or presented in a form
not readily applicable for design purposes. The
present paper provides for the first time a relatively
simple but accurate formula for evaluating the linear
problem of buckling for a broad class of shell geometries
and loadings.

In the problems to be considered, the analysis is
confined to the treatment of an equivalent orthotropic
shell; that is, a shell whose properties differ in the
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axial and circumferential directions. The orthotropic
treatment distributes the stiffener effects uniformly
over the shell and is capable of affording a good approxi-
mation to the elastic, stiffened shell if the reinforcing is
sufficiently closely spaced and if the buckled wave pat-
tern of the deformed shell extends over a number of
stiffener eleinents.

Admitting the possibility of elastically orthotropic
behavior, an expression for the general instability load
of the equivalent orthotropic shell is established by an
application of energy principles and a Rayleigh-Ritz
approximation. In applying this approximate method,
it is necessary to determine a plausible set of displace-
ments which accurately describe the deflected shape of
the cone.

The displacements which are introduced during the
course of the present investigation are similar to those
used for the elastic buckling of cylindrical shells.
These relationships are shown to be satisfactory for
truncated cones in which the ratio of the smallest
diameter of the cone to the largest diameter is greater
than one-quarter.

Finally, the critical buckling pressure for a stiffened,
isotropic cone is obtained by correlating the properties
of the equivalent orthotropic shell to the properties of
the reinforced shell. These results are compared with
other investigations and preliminary experimental
values for stiffened and unstiffened conical and cylindri-
cal shells.

(2) Discussion for Conical and Cylindrical
Shells

(A) Elastic Relations of an Orthotropic Material

A material is called “orthotropic” if the mechanical
properties of the material differ in the directions of
three mutually perpendicular axes. Thus, an ortho-
tropic material has three moduli of elasticity, one for
each of the principal axes, E,, Eg, E,; three moduli of
shearing rigidity, each associated with two of these
axes, Gus, Ggy G,a; and six Poisson ratios, two asso-
ciated with the stress applied in the direction of each
of the three axes, v.g, Pays Y8y Ygar ¥ya and v, The
values of these elastic constants are not independent,
but are related according to the reciprocal theorem in
the following manner:

Eavﬂa = Eﬂyaﬁ
Ea”’ya = E.yVa.Y (1)
Egryg = E,vg,

In the present investigation, we limit the discussion,
however, to two principal directions since the resulting
elastic properties are adequate for application to thin,
reinforced shell construction. If the two principal
directions (£, 6) are selected so as to form an orthogonal
curvilinear coordinate system on the surface, the elastic
constants are given by E;, Ly, G, v, ve;; and Eq.
(1) becomes

EEV!"E = E{)VEO (2)
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& Fic. 1. Notation for a
conical shell.

Hence, the elastic behavior of a thin, orthotropic shell
can be adequately defined by four independent elastic
properties.

(B) Middle-Surface Strains and Displacements

The expressions for the middle-surface strains and
curvatures of a deformed conical shell are given as
follows: (Fig. 1)

€E = M,E + 1/2 w,£2

e = (1/r) (v, — u cos @ + wsin a) +

1/2 w,s%/7?
€0 = U,p T U,/7 + U COS af7 F w,.w,e/7
Xg = TWy ®)
1
Xe = — 7 (w,00/7 — W, COS 9)
X = — 7 (w,g9 + w, cOS a/r)

The above are Donnell-type relationships for the
middle-surface strains and curvatures and are identical
to the expressions developed by Seide! with a change
in the coordinate system.

The strains and curvatures are related to the force
and moment resultants for a homogeneous orthotropic
material by,

Ne = B(ee + voreo)

Ny = By(es + Vgafs)

Nso = Na; = (Gzoh)ego = Bgefeo

Ms = Ds(Xs + VesXe)

My = Dy(xs + veoxs)

Mgy = — My = _(G50h3/6))(sa = —Dyoxzo

(4)

where, By, By, Dy, and D, represent the average values
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of the extensional and bending rigidities in the axial and
circumferential directions, respectively.

(C) Energy Relations

The potential energy for an elastic system is governed
by the relation

V=U+2Q (5)

in which, U is the strain energy due to bending and
stretching of the shell and @ is the potential energy of
the external force system. The shell strain energy may
be expressed as the surface integral

U = 1/2L (NEGE + Ngég + N‘Egéso +

Mng + Mexy — 2M50Xse)d5 (6>

In this expression, the quantities Ny, Ny, Ny ... My
are the force and moment resultants obtained by inte-
grating the stresses o, op, and oy through the shell
thickness.

The potential energy of the external-force system is
equal to the product of the external load and the in-
crease in volume enclosed by the shell. Thus, in the
case of hydrostatic loading (po), the potential energy
may be expressed as

Q = po(Vi — Vo) (7
in which, Vi, V, represent the volumes enclosed by the
deformed and undeformed middle surface.

(D) Infinitesimal Theory of Buckling

The infinitesimal theory of buckling requires that the
variation of the change in potential energy of the system
with respect to the allowable displacements must be
zero. IDxpressed mathematically

S(AV) = 0 (8)
where
AV = AU + AQ (9)

Assuming that the deformed shell prior to buckling is
very close to its original shape, the expression, Eq. (3),

TaBLE 1. Evaluation of the Constants, £;, as a Function of the
Geometric Parameter 8

B B 3 ‘4
0,00 0.50000 0.50000 0.50000
0,10 0.50074 0,50018 0.50027
0.20 0.50334 0.50081 0.50470
0.25 0.50554 0.50134 0.50803
0.35 0.51242 0.50300 0,.51621
0.40 0.51748 0.50417 0.52532
0.50 0,53223 0,.50749 0.54946
0,55 0,54273 0.50985 0.56400
0.60 0.55625 0.51276 0, 58430
0.65 0,57382 0.51638 0.61134
0.70 0.59704 0.52093 0.64769
0,75 0.62853 0,52670 0.69795
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for the middle-surface strains and curvatures may be
considered to represent the change in strains and curva-
tures after buckling occurs. Hence, the displacements
u, v, w, and the forcé and moment resultants V¢, Ny . ..
M, are now taken ‘as the additional displacements,
forces, and moments in the shell after buckling and
Eqgs., (6) and (7) as the changes in strain energy and
potential energy of the external-force system respec-
tively.

Since the middle-surface strains and curvatures are
meastired from the position of incipient buckling, the
potential energy expression must be modified to include
the energy stored by the shell in a compressed but
unbuckled state. The term to be added to the poten-
tial energy expression is given by,

AUM = L (NEES + Ngég + ngeso +

Mng + MeXe - QMszsea)dS (10)

in which, N.. N, ... M, are the membrane stresses
and moments existing in the shell prior to buckling.

The strain-energy relation (10) for the membrane
stress resultants is capable of appreciable simplification
if the shell is assumed under rotationally symmetric
loading and initial bending stresses are neglected.
Omitting the terms Ny, M, M, and My; Eq. (10)
reduces to the form,

s
By substituting Egs. (3) and (4) into Egs. (6) and (11)
and retaining all second order terms, the total "»expres-

sion for the changes in strain energy of the orthotropic
shell becomes,

. 1 |1
AUp = L {Ns (”’E + 5 w,52> + N [7 (v, —
ncos ¢ + wsin a) + % w,92/72:|} ds +

é ﬁ {Bé[u,g;z + 2Vg£(7/,9 — U COS « +
w sin o) (,e/7)] +

1 2
B, [7 (v, — % cos a + wsin a)} +

Geohl[v,: + u,é/r + v cos a/r]Q} as +

1
3 L{ D lw,e” +

21’95(‘10;09/7' — W,; COS ) (ng/’)] +

9

1 2
DB[_ 7 (w,og/r — w,g COoSs Dl)il +

Gyh®/3 l:— %(w,w + w,; cos a/r):|-} as (12)
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The terms in the expression (AQ) for the change in po-
tential energy of the external force system are not pre-
sented herein. However, it is noted that terms in AQ
which are linear in %, v, w cancel with similar terms in
the strain-energy expression (12) by the principal of
virtual work. Also, if the degree of approximation
used in obtaining (12) is maintained, the non-linear
terms in AQ are of the same order-of-magnitude as
terms omitted from the strain-displacement relations
and are neglected in what is to follow.

(E) Upper Bound for the Critical Buckling Pressure

An upper bound for the critical buckling pressure of
the orthotropic shell will be determined by the Ray-
leigh-Ritz method. In applying this approximate
method, it is necessary to determine a plausible set of
displacements which accurately describe the deflected
shape of the cone. In view of experimental observa-
tions for the unstiffened conical shell, the following set
of displacements has been selected for the present in-
vestigation:

u = A cos (n) cos (mwt/L)
v = B sin (nf) sin (mwg/L) (13)
w = C cos (nf) sin (mwé/L)

in which, 4, B, and C are undetermined coefficients
and m and %z are number of lobes in the axial and cir-
cumferential directions. Substituting these equations
into the simplified energy relation (12) and integrating
yields a homogeneous quadratic function of 4, B, and C,
namely,

AV = a3A? + apAB + aAC + anB? +
dngC + 033C2 (14)

The coefficients in this expression are defined in Ap-
pendix A.

The condition for the minimization of the potential
energy of the system is obtained by setting the deriva-
tives of Eq. (14) with respect to the unspecified coef-
ficients equal to zero. This operation yields a set of
linear homogeneous equations for the coefficients of the
displacements, the determinant of which vanishes for
nontrivial values of the critical load.

1
EX(\K; + K, n?/sin? «)

pcr =

where
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2ay 251 13 :
G2 20 ax| =10 (15)
a Qs 2ag

(F) Membrane State of Stress

When initial bending stresses and the influence of
boundary conditions are neglected, the resultant state
of stress at incipient buckling is statically determined
from the resultant forces per unit length N, and N,.
These quantities are collected in terms of the non-
dimensional parameters K;, and K, defined by

2a(1 — 8/2) (" (&) .
L sin? o 0 ’ P cos® Mds

— L/ N\ sin?
K — — 2a(1 - ﬂ/2)j; (Z%,) sin? A& a

7

K1=

For illustrative purposes, the resultant forces for a coni-
cal shell subjected to a vertical pressure (vp), applied
uniformly over the polar cap of the small diameter of
the cone, and a uniform lateral pressure (p) normal to
the generator are given by

NEZ—

e P ma e

Ny, = — pr/sin a

Substituting Eq. (16) into the expressions for K;, K:
and integrating yields

K, =
E[(1 — B8+ B%/3 +8%/2x%) — (1 — v)(1 — B)?] 17)
2(1 — 6/2)? (
Kz = k
where

8 = (L/a)cos e, k=a(l —B/2)/sin a

Other loading conditions, including rotationally sym-
metric pressure distributions which vary along the
generator of the cone, can be treated in a similar
manner.

(3) Theoretical Results for Conical and
Cylindrical Shells

When the determinant, Eq. (15), is expanded, the
results for the orthotropic conical shell can be approxi-
mately expressed as

{ (D + 26Dy cot? a/KH)K* + 4[t3(vp:Ds + Dyg) — Dy(ts — 15)] K2n2/sin® « +

2uDgnt/sint a + By(2t; — voev) K4k Amn}  (18)

B

. B, Kon? By nt
Amn = X [K4 T By <2t3 ™ e~ P E;) sin? a +ank (Es) sin* ajl

Bgs
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In the limiting case of a cylindrical shell, the i,'s,
given in Appendix A and tabulated in Table 1, are
equal to one-half and Eq. (18) reduces to a form which
is identical to the relationship developed in Ref. 2
for an orthotropic cylindrical shell under a uniform ex-
ternal pressure.

3 . EI,
T R(NK, + K, n?/sin? @)

Der
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(A) Conical Shells

If the properties of the orthotropic shell are corre-
lated to those of an equivalent reinforced shell, and use
is made of the assumption that vy = v = »; Eq. (18)
becomes ‘

{1+ 26.(I,/1,) (cot? a/K2 1K + dt5[v + (1 — »)(J/L) + T /L)1 — t/t)] X

Km2/sin® o + 24(I,/L) n'/sin* a + [(2ts — v/ (1 — vOL]KYE* Apa}  (19)

in which

A = 2 K+ 20Dt — v/ = 5) ~ (/b len?/sin® o + 4ty h)m/sint o

For the minimum value of the general instability
load, it is pecessary to minimize Eq. (19) with respect
to the wave numbers, m and n. However, in the
present investigation of reinforced shells, m is set equal
to unity and #, allowed to vary continuously. This
procedure assumes that the axial wave length extends
over all of the stiffener elements.

In the event that the buckle pattern extends only
over a certain number of the stiffening elements
(m > 1), the minimum result can be readily obtained
from the equation developed below. The procedure
would consist of evaluating the critical load parameter,
based on m = 1, for various modified lengths of the
cone, and selecting that value for which p,, is a mini-
mum. Here, no inordinate difficulties are anticipated
since it is reasonable to assume that the nodal points of
the buckled configuration occur at the stiffening frames
and a few numerical calculations for successive frame
combinations should indicate the trend for the minimum
result.

Also, in the dimensional range of greatest interest,
defined by the moderate length cone—i.e.,

2If3 - 1’2

10?2
< ( 8t1t3t4

>1/2 (L%/kh) < 10% (20)

and for applications to frame stiffened shells, Eq. (19)
for all practical purposes reduces to the form:
! X
(K3/RK; + n?/K?sin? )
12(28 — v?)/N*R*h?
4ttt/ K* sin? «

poKa 12(1 — »2) /BN =
12 (7) s
“\7/ K*sin’

This expression was obtained by neglecting terms of the
lowest order in #?/K? sin? «.
Using the notation,

_ peKa 12(1 — 9

}Kz?f()

(21)

Ot NHVAERY(I,/T)
é = n?/H'K? sin? a (22)
5/2 = K]/k2K2H1/4

12024 — )/ N
8t1t3t4(1f/1)

Eq. (21) can be rewritten as

P = (¢ + 1/¢”)/(¢ + S/2) (23)

Then, from
OP/d¢ = 0 (24)
$(¢* — 3) + S(p* — 1) = 0 (25)

The numerical values of a root of this equation can be
approximated by,

¢ = [(3+ 8)/A + S)|V* for, ¢ >0 (26)

The approximate solution coincides with the root of
Eq. (25) in the limiting cases .S — 0, o and is graphi-
cally compared with the real root for all values of S in
Fig. 2. Note that the maximum percentage deviation
is of the order of magnitude of 1 percent.

Substituting Eq. (26) into Eq. (23) the final expres-
sion for the general instability load is

© (34 S 3 + S\2
P"<1+S+1>/<1+S> x

(2 +5e] e

For the case of unstiffened cones, the ratio (/,/I), col-
lected in terms of the geometric parameter S in Eq.
(27) is set equal to unity.

(B) Cylindrical Shells

If the cylindrical shell is reinforced by evenly-spaced
circumferential frames, its stability is discussed in the
same manner as that of a stiffened conical shell. For
this purpose, the frames are replaced by equivalent
increases in wall thickness and flexural rigidity in the
circumferential direction. The resulting expression
for the critical pressure parameter in this case is readily
obtained from Eq. (27), with restriction (20) holding,
by equating a = =/2.

When the scope of the investigation is confined to
unstiffened cylinders, it is possible of course to deter-
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L35
V3
4
1.30
CURVE FOR POSITIVE
ROOT OF EQUATION (25)
~— — — APPROXIMATE ROOT (26)
1.25 ‘.
\
1.20 \
$ \
1S \r\
\
\\
1.10 \\ \
N ¢ -0
. S s — o
105 ]
\--\‘
1.0
0 2.5 5.0 7.5 1.0 12.5 15 175 20 22.5 25
s
F16. 2. Graphical comparison of the approximate root (26) for a range of the parameter S.
mine the critical buckling pressure from Eq. (27) sub- tion to the above equation is evaluated for m = 1 and

ject to condition (20). However, some interesting
simple results are found for unstiffened cylinders with
restriction (20) removed. In these instances, Eq. (19)
is capable of further simplification and reduces to the
following expression:

P = [+ (/)¢ + S/2] (28)
where
o PaKa12(1 — )
P =
5= (14 ) (29)
Aa?

5/2 = (Ki/a?K, — 1)/
H = 12(1 — »?)/\a?h?

The minimum value of the critical load can be deter-
mined by formally minimizing p., with respect to the
wave numbers m and #, appearing in the above equa-
tions in terms of the parameters A and ¢. Although
the procedure is straightforward, it has been previously
demonstrated—i.e., Ref. 3—that the minimum value
of the critical pressure for isotropic cylinders occurs on
the boundary of the admissible domain formed by the
constraining inequalities m > 1 and # > 2; that is,
the critical pressure is a minimum either for m = 1
and arbitrary integer values of #, or for » = 2 and m =
1.2,3....

In the case that follows, a limiting form of the solu-

n continuously varying. The results are

P =
34+ 8
(1+S+1>

() [(s) + o]
(30)

The numerical value of the critical pressure parameter
for » = 2 and arbitrary integer values of m is not pre-
sented herein since Eqs. (3) are simplified strain-
displacement relations based on the assumption of a
large number of circumferential waves.

From an inspection of Egs. (27) and (30), it is ob-
served that the expression for the critical pressure
parameter of moderately long cylinders and cones,
defined by Eq. (20), is identical in form to the expres-
sion obtained for cylindrical shells with restriction (20)
removed. In fact, when « is equated to /2 in Eq.
(27), the only dissimilarity in the equations appears in
the parameters .S and S which differ by the quantity
1/H'Y4  TFor large values of the curvature parameter
H (likewise H), the expressions (27) and (30), as ex-
pected, yield similar results; however, at small values
of H, suitable agreement between the equations is ob-
tained only if the ratio of axial-to-lateral loading, de-
fined by K,/a%*K,, is large when compared to unity.
Thus, the predictions of Egs. (27) and (30) are equiva-
lent, except for small values of H and K;/a’K,. In

for S> (—1/4)
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this case, the results obtained for the moderately-long
shell are below those given by Eq. (30).

(4) Comparison of Present Results with
Other Investigations

Eq. (27) represents an approximate but relatively
accurate expression for the buckling of moderately-long
cones under rotationally symmetric loading. In order
to compare these results with several previous solutions,
the quantities, S and I,/I in Eq. (27), are set equal to
zero and unity, respectively. These conditions reduce
the application of the above equation to unstiffened
conical shells subjected to a uniform lateral pressure.
Also, it has been previously shown that in the dimen-
sional ranges defined by Eq. (20), the critical stress for
cylinders under a uniform lateral pressure is substan-
tially the same as in the case of a hydrostatic pressure
loading (see Batdorf*). A similar result is likewise ex-

pected for the moderately-long cone. Thus, from
Eq. (27),
PerKe 12(1 — »2)/ENS? =

L.286(L/kV?hM2) [(2t5 — »2)td/tts]V4 (31)

Accordingly, the buckling pressure p,,, of an equivalent*®
cylindrical shell is given by,

BaKa 12(1 — »2)/EN3 =

1.0395(L/BV2112) (1 — p2)11t (32)

* A cylinder which is considered as “equivalent’ to a particular
cone had a length equal to the slant length of the cone and a radius
equal to the average radius of curvature of the cone.

J. C. SERPICO

ATAA JOURNAL

and the relationship for the critical pressure ratio,

(Per/Der), as .
(Pcr/ﬁcr)4 = 2<t43/tlt3) [(2t3 - V?)/(l - V2)] (33)

This ratio is shown plotted as a function of the geo-
metric parameter, 8, in Fig. 3. The final results are
compared with the more recent theoretical predictions
of Seide .’

As shown in Fig. 3, the values of the pressure ratios
given by the present theory are in close agreement
with the predictions obtained by Seide for 8 less than
three-quarters. For higher values of 8, however, the
present results diverge very rapidly from Seide’s,
giving larger buckling pressure ratios for relatively
small increases in 8. A possible explanation for the
difference is attributed to the inadequacy of the dis-
placements in describing the deflected shape for nearly
complete cones. This inadequacy is reflected in the
Rayleigh-Ritz method by a higher calculated value of
total potential energy of the system and, therefore, is
expected to indicate larger pressure ratios than the
correct values. The contradiction for the present re-
sults occurring slightly below Seide’s results for small
B is attributed to the terms omitted from the investi-
gation.

As further comparison of the present results for
conical shells it is demonstrated that by equating the
t’s equal to one-half, Eq. (33) reduces to the identical
relationship developed by Niordson® for 8 less than
one-third. Niordson’s results are somewhat remark-
able in view of the many approximations used in the
investigation and the simplicity and accuracy of the
final presentation.

1.25

RESULTS OBTAINED
FROM REFERENCE 5.

— = = — PRESENT RESULTS (27)
1.20

.
S

le 115
~

pcr

L.10

NAN

.

/V
1.05
P
/’/
/‘//
m——
1.00 = =
¢} 0. 0.2 03 0.4 0.5 06 07 08 0.3
B =(L/a)COS a
Fic. 8. Comparison of critical pressure ratio for a uniform external loading.
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It is of interest to note here that the relationship (33)
for the critical pressure ratio was determined on the
basis of moderately-long cones and cylinders. When
the ratio is calculated by means of a more nearly com-
plete theory, Eq. (18), it is found that only a very
slight discrepancy exists between the resultant values
and the values obtained above. This circumstance is
of primary importance since it permits rather simply
the extrapolation of results for the buckling pressures
of cones defined by,

(L2/kR) [(2ts — v2)/(8titsts) ]2 < 100 (34)

The procedure would consist of modifying the complete
results for an equivalent cylindrical shell (30) by the
pressure ratio factor (p/P.,) as obtained from Eq.
27). ‘

In comparing the analytical results for cylindrical
shells it is found from Eq. (27) that the numerical value
for the critical load of ring-stiffened cylindrical shells
under hydrostatic pressure is'given by

Pot 12(1 — v%)/EN3 =
1.0395((1 — »2)L4/a?h2]VA(I,/1)%4  (35)

This result is very gratifying in that it coincides
with the form which was developed by Batdorf’ and
Gerard.® Moreover, the effect of nonuniformity of
loading on the buckling characteristics of circular
cylinders can be illustrated and compared with previous
analytical studies. As a typical example, consider the
associated effect of a cylindrical shell subjected to a
lateral pressure varying linearly in the longitudinal di-
rection. If the remarks are confined to the moderately-
long cylinder, some interesting simple results are ob-
tained. That is the parameter S in Eq. (30) is set
equal to zero; in which case, the equation becomes after
an appropriate substitution for the value of K,

Pt 12(1 — v2)/ENDE =
1.0395[(1 — »)LY/a%h?]'4/(1 — &/2) (36)

The analytical results previously developed for cylin-
ders of moderate-length are identical with those
graphically illustrated by Weingarten.® The compari-
son for the short-cylinder range is not presented herein;
however, Weingarten’s results can be shown to be in
close agreement with Eq. (30).

(5) Comparison of Theory with Appropriate
Experiment ‘

In order to assess the applicability of the theoretical
results experimental studies were conducted on a series
of unstiffened cylindrical shells subjected to combined
axial load and lateral pressure.* The test specimens
used in the investigation were formed from extruded
6061-T6 aluminum alloy tubing. Thickness variation

* The experimental studies were:conducted by R. Brown, R.
Homewood, and J. Pierro'in the Applied Mechanics Laboratory
of Avco RAD.
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Fi1c. 4. Comparison of present results with preliminary experi-
mental values.

and out-of-roundness of shell were reduced by spinning
and machining the cylindrical sections. The shells
were adhesively bonded and bolted to heavy steel
loading flanges for testing. A description of the cylin-
der geometries and types of loads used in the investiga-
tion is not presented herein; but, it is mentioned that
the experimental studies were conducted on moder-
ately long shells subjected to a uniform lateral pressure
loading up to ratios of axial-to-lateral pressure loadings
of 30 to 1. The results are shown for comparison with
the theoretical predictions in Fig. 4.

The experimental results for this series of tests are
shown to be in reasonable agreement with the theoreti-
cal results for small ratios of axial-to-lateral pressure
loadings, indicated in Fig. 4 by values of .S approxi-
mately equal to zero. The slight discrepancy which
exists is attributed to small shell irregularities and to
the additional edge constraint imposed on the experi-
mental models. The test results for slightly higher
ratios of axial-to-lateral loading are also in agreement
with the theoretical predictions and in the limiting
case of a ratio of 30 to 1 the test result corresponds with
the theoretical value.

The significant conclusion to be drawn from the
present comparison is that there exists a range of shell
geometries and loading conditions for which the classi-
cal predictions of buckling loads are essentially the same
as those obtained from experiment. The reason for
the existence of a range is attributed to the relative
insensitivity of the cylinders to large-deflection effects.
That is the test cylinders exhibited only a small drop
in load in the post-buckling region and, as such, were
relatively unaffected by initial shell imperfections.

The influence of initial imperfections on the post-
buckling behavior for the cylinders tested was evident
from a visual observation of the buckle pattern of the
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deformed shells. When the cylinders were subjected to
a uniform lateral pressure the buckle pattern consisted
of full-length longitudinal buckles uniformly distrib-
uted around the shell. As the ratio of axial-to-lateral
loading was increased, full-length diamond-shaped
buckles occurred at the midsection of the shell. In the
limiting case tested, the buckle pattern was more pro-
nounced and consisted of relatively short diamond-
shaped buckles occurring slightly below the loading
flange and extending to the midheight of the cylinder.

Since very short-diamond shape buckles are charac-
teristic of a sudden decrease of load in the post-buckling
region, ! it is apparent from the description just given
that the influence of initial imperfections is becoming
more predominant with corresponding increases in the
ratio of axial-to-lateral pressure loading. Thus, the
test data for the lateral pressure loading and to a some-
what lesser extent for the higher ratios of axial-to-
lateral loading were reasonably well approximated by
the classical theory.

In the case of higher axial loadings or for shell geome-
tries which exhibit an extreme drop in load in the post-
buckling region, the experimental test data is then ex-
pected to fall below the classical predictions. Conse-
quently, the use of Fig. 4 for values of S greater than
unity should not be attempted until extensive experi-
mental studies are conducted to qualify the applica-
bility of the classical theory for predicting the critical
loads in this range.

It is briefly mentioned that the parameter .S is of
particular significance and provides a useful correlation
parameter in the plotting of new experimental test
results. This is accountable by the fact that this pa-
rameter was purposely collected in such a manner as to
reflect the ratio of axial-to-lateral loading, Ki/k*K,, to
the curvature parameter H. Thus, the implications of
values of S greater than unity are either high axial
loading, or a reduced axial loading but for a shorter
shell geometry.

Since both of these cases characterize the area in
which large-deflection effects are most pronounced, it is
conjectured that an appropriate plotting of new data
against this parameter may be beneficial in determining
a unique cut-off point for S. In this way, it may be
possible to establish an appropriate utilization range
for the classical theory and, thus, provide the designer
structural information required for a reliable, efficient
design.

The comments, thus far, have been confined to un-
stiffened cylindrical shells; however, the same remarks
are expected to hold true for the stiffened cylinders as
well as for the unstiffened and stiffened cones. In fact
in the case of a reinforced cylinder under hydrostatic
pressure, the results of the present analysis—i.e., Eq.
(35)—have been shown to be in agreement with the in-
vestigation by Gerard and Becker,? in which excellent
correlation is obtained between theory and experimental
data.

Moreover, it is also noted that Gerard and Becker?
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demonstrated remarkable agreement between experi-
mental data and classical theory for stiffened cylinders
under high axial loading. Although this correlation is
in contrast to the agreement usually found for the iso-
tropic cylinders, it substantiates the previous remarks
concerning the existence of a unique cutofi point for
the classical predictions of buckling loads. For ex-
ample, if one considers the parameter .S for a stiffened
cylinder, it is seen to be much smaller than the corre-
sponding S for an unstiffened cylinder of identical
shape and under the same loading condition, the differ-
ence being the multiplicative factor (//1;). Thus, it is
conjectured that while the value of .S for the unstiffened
cylinder may lie outside the range previously indicated
for the classical linear theory, the corresponding .S of
the stiffened cylinder can be made to lie well within the
range of validity by decreasing the factor (I/1)*. Ex-
perimental studies are currently being planned to con-
firm these remarks for the stiffened and unstiffened
conical and cylindrical shells.

(6) Conclusions

This paper has demonstrated the application of the
classical shell theory in determining the critical pres-
sure of reinforced cylindrical and conical shells under
combined loading. The final results have been re-
duced to a form which contains two nondimensional
parameters; one parameter, P, essentially dependent
on a critical reference pressure and the other parameter,
S, determined by the combined effect of shell geometry
and ratio of axial-to-lateral loading. As discussed in
the test, the significance of collecting the parameters
in the prescribed manner is to present a simplified ap-
proach for comparing the classical theory with experi-
mental data for a broad range of shell geometries and
loadings. In this way it is possible to develop appro-
priate utilization limits for the classical theory and to
provide the designer structural information required
for a reliable, efficient design.

In the limiting case of a uniform external pressure,
the present results are shown to be in close agreement
with those obtained by Seide® for the isotropic cone
and with Bodner,? Batdorf,” and Gerard?® for the rein-
forced cylinder. Also, recent experiments on unstifi-
ened cylinders subjected to combined loading indicate
that there exists a reasonable correlation between the
theoretical predictions for buckling loads and the ex-
perimental results. This correlation lends credence to
the analytical results and is attributed, in part, to the
extreme attention given to avoid imperfections in the
fabrication and clamping of the test specimens.

It is remarked that the present analysis was re-
stricted to the general instability characteristics of a
reinforced shell; thatis, a deflection pattern which ex-
tends over a number of the stiffener elements. There

* Since specific attention in this paper is given only to shells
which behave orthotropically, a decrease in I/I; corresponds to a
decrease in stiffener spacing.
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are, of course, a large class of important stability prob-
lems which are not characterized by this description,
such as inter-bay buckling in which the facing sheet
buckles within panels bounded by the stiffening sys-
tem.* Although some of these problems are directly
amenable to analysis by the methods of the present
paper, the essential point is to inform the reader that
these forms of instability are not discussed within the
context of the paper and cannot be dismissed as though
nonexistent.
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Appendix A

Definition of Geometric Parameters

If a constant factor, multiplying each of the g,
terms, is disregarded; the coefficients in Eq. (14) are
defined as,

an = B.K*/2 + BtiKeo + Beghn?/sin?®

e = —1/sin alvg:B.Kn + Bghipon + Byn(K + ¢ota)]
az = — (v9B:K + Bitapo)

Gz = Bytz n?/sin® o + BpK(K/2 + tse)

Aoz = 2Bgt3 n/sin o
dzg = —P/2(K1>\2 + Kg 7’l2/Si1’12 Ol) + Bgts +
1/k2{(D/2 + t.D, cot? o/ KHK* -
2K2n2/sin2 Oé[tg(VggDE + D$9> -
Dg(tl — tg)] + Dgtm“/sin“ a}
where
1— 2
b= =BT o) 1 e
s
1 — (8/2)]2
e 0
1 —8/2
iy = — |:l‘1+(—~_618—/)1n(1—6):l
miw?
h=— "5 (1 — 8/2)°a(8)]
and
2mn/B — 2mw
@(8) = cos (2mr/B) 220y +
2mw/B
2mx/B8 — 2mw s
sin (2m=/B) smy dy
2mr/B y
2mx/B — 2mw
@) = sin (2mn/8) =22 gy —
2mn/8 y
2mnr/3 — 2mw -
cos (2m w/B) sy dy
2mx/B y



